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ASYMPTOTE OF THE NAVIER—STOKES EQUATION SOLUTION IN THE
VICINITY OF A BOUNDARY ANGLE

V. A. Kondrat'ev UDC 532.516

In a study of single-sided limitations for the Navier—Stokes equations, [1] considered
the function +(r, ¢), which satisfies the equation

AA\jJ=‘O,r<e, —n<<p<<0 (1)

(where € > 0 is a constant) with boundary conditions

=0, Ap=00=0,0<r<e,
p=0, Z=r, g=—n O0<r<e

Here (r, ) 1is a planar polar coordinate system and A is the Laplace operator. In addition
we assume the function belongs to the Sobolev space W3 in the semicircle §, = {(r, ) : r <<,
—-n<<p<<0} Using the method developed in [2, 3] the authors presented the expression

; 1p=-—rsin(p+Ar3/2(sin% -{—sin%)—}—O(r?lnr) (2)

for r—»0, —n <9 <0, A= const, which is dependent on ¥. Asymptotic representations of
oplar, dblde, A can be obtained from Eq. (2) by formal differentiation. In fact, Eq. (2)
can be refined: for ¥ one can expand in an asymptotic series [2, 4]

P = —rsin ¢t ZsAer'/?CD,- {p), 4; =const, (3)
=

where @; are eigenfunctions, normalized in L,[—u, 0], of the problem

1, 2 R oo
sz(-g——-2> CD—}—LZ—(D TCI)IV:O,

—n < 9 <0, D(— 1) = D0) = 0, D' (—x) = D" (0) = 0.

"Equation (3) is asymptotic in the sense that no matter what the value of N, the estimates

(4)

N
Da (TP) + rsin P — 2 Ajrj/2(D_,; (q:)) = 0(r(N+1)/2—la|)
i=3

are valid as r » 0 for all o. Here D“:=6W75x?51?; a| = a3 + a,. Note that Eq. (4) with
constant coefficients is easily solved and the eigenfunctions of Eq. (4) can be written ex-
plicity; Equation (3) is a special case of a more general expression which gives the asympto-
tic representation of a boundary problem for an arbitrary elliptic equation in the vicinity
of an angular point on the region's boundary. It follows from Eq. (3) that in Eq. (2) the

Moscow. Translated from Prikladnaya Mekhanika i Tekhnicheskaya Fizika, No. 6, pp. 38-40,
November-December, 1992. Original article submitted November 22, 1991.

802 0021-8944/92/3306-0802$12.50 © 1993 Plenum Publishing Corporation



residual term can be replaced by 0(r?), and its second derivatives are finite. In [4], which
was used in [1] in deriving Eq. (2), it was not Eq. (1), but the nonlinear Navier—Stokes
equation

VAAU+ ———— ——= =10, r<te, O<op<<2n

dx dy oy dx (5)
which was studied with boundary conditions
u="22_0 =0 =2, 0<r<e
g ¢=Y =2, . (6)

Tt was assumed that ueWi(S,), S.={:0<o<2n, O<r<ceh We will call the generalized
solution of Egqs. (5), (6) the function u(z)e Wi(S,), satisfying boundary conditions (6), and
such that

for any \p(z)el/f/g(Se).

In reality, the representation of Eq. (2) with residual term of the order of 0(r2?) can
also be obtained for the solution of Eqs. (5), (6). In doing this we will make use of re-
sults from estimates Lp(l < p < «) of the boundary problem solutions of [5], which were not
known at the time that [3] appeared. It was proved in [5] that if u(x) is a generalized
solution of the equation

of, . of,
AAu:a—x-;—{—aTz
in 8¢, satisfying boundary conditions (6),

u(x)EWE(SEL Q>27 j‘l]l ;pdxldl'2<0°v p>11 i=1,2,

Se
then
ulz) = Ar3i2 (sin if— -+ sin 37(9) -+ uy (), (7)
where
L 3 s <€ { }: il ey + 1 lfiz(sg)}, t<p<2,

and

u(z) = Ars/z (sin % -+ sin %9) + Br?sin®@ -+ uy (x). (8)
Here

Jluy (%) ”Wfo(ssm) <C [Hu I y(se) + ié:l 1 /s HLP(SE)}-

Moreover,

M“<C“MMmy+%M%M%}&ri<p<l

41+ 181K luliygsy + 5 lileysy | 208 2<p <
=1
This result can be used to study the problem of Egs. (5) and (6).
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Theorem. If lu(x)eslVﬁ@SQ is a solution of the problem of Egs. (5), (6), then u(x)
has the form of Eq. (8), where

u, (2)
6r 101

Clul . (9)

W3(Se)’

0<k1+h

ze& Sefy ., C = const, of which the solution is independent.

Proof. FEquation (5) can be written in the form
8 [ou a du @fl fg
Vs = = (5 ) o () = 3 H o (10)

Here [, € LdQ,), fo & L(Q;) for any s < 2, since Au e Ly(Q:), grad u e Ly(Q,) for any p < o,
Thus, Eq. (7) 'is valid for u(x), where uy(x) satisfies the inequality

5311. []
<KCplu| s v .
02 01 ILp(Ss/z) P ” ”WQ'(SS) P<< ( 11 )

kl+h =3

From Eq. (11) and the Sobolev inclusion theorem it follows that U, WZ(Se.), uy = C(S,,,) for
any q. Representing u in the form of Eq. (7) in Eq. (10), for u, we obtain

17 17
VAAUOZ%;FI—**-(%FQ,

where F, e Lo(Ses), Fs= Lp(Sefy)  for any p < 4 and

1Es lepsegay + 12 lepserny < Ol g -

Using Eq. (8) for u,, we have

L@—Aﬂ“@m—+ﬁm—)+Bﬂmn¢4%() (12)

Here Uy(r)e=W3(Sesy) for any p < 4. From the Sobolev inclusion theorem we now know that
vy & C¥HSyy)- Substituting u, in the form of Eq. (12) in Eq. (7) we find the required Eq.
(9), where vy e CHSy/,).
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